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8 Represent and classify real numbers. ’\O
@ Order real numbers and use inequalities. \,
# Find the absolute values of real numbers and find the distan een two real
numbers. {\
ne

Real Numbers and the Real Num

Real numbers can be represented by a coordinate s called the real number line
or x-axis (see Figure C.1). The real number corr &)nding to a point on the real number
line is the coordinate of the point. As Figure C Ows, it is customary to identify those
points whose coordinates are integers.

denoted by 0. T tive direction (to the right) is denoted by an arrowhead and is
the direction df\';;c asing values of x. Numbers to the right of the origin are positive.
Numbers o eft of the origin are negative. The term nonnegative describes a
numbe either positive or zero. The term nonpositive describes a number that is

either,negative or zero.
% point on the real number line corresponds to one and only one real number,
real number corresponds to one and only one point on the real number line.

The point on t? eal number line corresponding to zero is the origin and is
i

*
&is type of relationship is called a one-to-one correspondence.

>

Each of the four points in Figure C.2 corresponds to a rational number—one

that can be written as the ratio of two integers. (Note that 4.5 = % and —2.6 = —15*3.
Rational numbers can be represented either by terminating decimals such as % = 04or
by repeating decimals such as% =0.333...=023.

Real numbers that are not rational are irrational. Irrational numbers cannot be
represented as terminating or repeating decimals. In computations, irrational numbers
are represented by decimal approximations. Here are three familiar examples.

V2 = 1414213562 V2 en

= 3.141592654
e =~ 2718281828

Irrational numbers
(See Figure C.3.) Figure C.3
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Order and Inequalities

One important property of real numbers is that they are ordered. For two real numbers
a and b, a is less than b when b — a is positive. This order is denoted by the inequality

a < b.

This relationship can also be described by saying that b is greater than a and writing
b > a. If three real numbers a, b, and c are ordered such thata < b and b < c, then b
is betweena and canda < b < c.

a b Geometrically, a < b if and only if a lies to the left of b on the real numl)e

o (see Figure C.4). For example, 1 < 2 because 1 lies to the left of 2 on the rea r

|
T
-1 0 1

line.
a f<b bif and only if a lies to the left Several properties used in working with inequalities are listed‘b@similar
;, ' ca properties are obtained when < is replaced by < and > is replaced \ e symbols
teure & < and = mean less than or equal to and greater than or equal t% ctively.)
>
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Properties of Inequalities

Let a, b, ¢, d, and k be real numbers. OK

1. Ifa < band b < ¢, thena < c. Q Transitive Property

2. Ifa<bandc < d,thena+c < b +‘® Add inequalities.

3. Ifa < b,thena + k < b + k. Add a constant.

4. Ifa < band k > 0, then ak < Q Multiply by a positive constant.
5. Ifa < band k < 0, then ak > b Multiply by a negative constant.

Note that you reversesggqualiry when you multiply the inequality by a negative
number. For example, ,% 3, then —4x > —12. This also applies to division by a
negative number. x > 4, thenx < —2.

Asetisa cén of elements. Two common sets are the set of real numbers and
the set of points or®the real number line. Many problems in calculus involve subsets
of one of t| o sets. In such cases, it is convenient to use set notation of the form
{x: condi n x}, which is read as follows.

Qof all x such that a certain condition is true.
®L . v

{ X : condition on x}

\?(!r example, you can describe the set of positive real numbers as

{x: x > 0} . Set of positive real numbers

@Q Similarly, you can describe the set of nonnegative real numbers as

QQ {x: x = 0} . Set of nonnegative real numbers

@ The union of two sets A and B, denoted by A U B, is the set of elements that are

C) members of A or B or both. The intersection of two sets A and B, denoted by A N B,

is the set of elements that are members of A and B. Two sets are disjoint when they

@ have no elements in common.
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Intervals on the Real Number Line

C.1 Real Numbers and the Real Number Line C3

The most commonly used subsets are intervals on the real number line. For
example, the open interval

(a,b) ={x:a < x < b}

Open interval

is the set of all real numbers greater than a and less than b, where a and b are the
endpoints of the interval. Note that the endpoints are not included in an open interval.
Intervals that include their endpoints are closed and are denoted by

[a,b] = {x:a < x < b}.

The nine basic types of intervals on the real number line are shon%le table
below. The first four are bounded intervals and the remaining fiy, nbounded
intervals. Unbounded intervals are also classified as open or clesdd. The intervals
(—o0, b) and (a, o0) are open, the intervals (—oo, b] and [e, re closed, and the
interval (— o0, o0) is considered to be both open and close%\

A2

Closed interval

Interval Notation Set Notation Graph
i \ .
Bounded open interval (a, b) {xia<x< : A
N\ — ]
Bounded closed interval [a, b] {x @ < b} c 7
R
[a, b) N <x<b) — *
Bounded intervals @ & ra=x a b
ith 1
(neither open nor closed) (a. b] 5\0 b (x'a<x=<b) ( ] .
a b
AW \ x
= {x:x < b} ,
Unbounded open intervals
(
Q(a, o0) {x:x > a} L *
ON ¢
N —
‘O fox < b} 3
Unbounded closed inter@s .
@ [a, o0) {x:x = a} C X
\ a
A4
Entire real IEQ (—o0, o0) {x: x is a real number} x

Q{‘b../
o)

Note that the symbols o0 and —oo refer to positive and negative infinity,
respectively. These symbols do not denote real numbers. They simply enable you to
describe unbounded conditions more concisely. For instance, the interval [a, o0) is
unbounded to the right because it includes all real numbers that are greater than or
equal to a.
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EXAMPLE 1 Liquid and Gaseous States of Water

Describe the intervals on the real number line that correspond to the temperatures x (in
degrees Celsius) of water in

a. a liquid state. b. a gaseous state.
Solution

a. Water is in a liquid state at temperatures greater than 0°C and less than 100°C
shown in Figure C.5(a).

(0,100) = {x: 0 < x < 100}
b. Water is in a gaseous state (steam) at temperatures greater than or.c\’? 100°C,

as shown in Figure C.5(b).

[100, 00) = {x: x = 100}

L ; ; ; \
\ I I I /
0 25 50 75 100 (¢u
(a) Temperature range of water (b) T erature range of steam
(in degrees Celsius) rees Celsius)
Figure C.5 [ |
If a real number « is a solution nequality, then the inequality is satisfied
(is true) when a is substituted forfx. set of all solutions is the solution set of the
inequality.
EXAMPLE 2 gi?igan Inequality
Solve 2x — 5 < EO
Solution
Write original inequality.
2b 5<7+5 Add 5 to each side.
K 2% < 12 Simplify.
g < 2 Divid h side by 2
V@ 2 2 1v1de each side by Z.
x<6 Simplify.
The solution set is (— o0, 6). -

If x=0, then2(0)—i——5<
If x =5, then S<7

Checking solutions of 2x — 5 < 7
Figure C.6

In Example 2, all five inequalities listed as steps in the solution are called
equivalent because they have the same solution set.

Once you have solved an inequality, check some x-values in your solution set
to verify that they satisfy the original inequality. You should also check some values
outside your solution set to verify that they do not satisfy the inequality. For example,
Figure C.6 shows that when x = 0 or x = 5 the inequality 2x — 5 < 7 is satisfied, but
when x = 7 the inequality 2x — 5 < 7 is not satisfied.
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Solving a Double Inequality

Solve —3 =2 — 5x = 12.

Solution
-3 =< 2—5x = 12 Write original inequality.
—3-2=2-5%x—-2=12-2 Subtract 2 from each part.
-5< =5 = 10 Simplify. Q
C ‘ ; ‘ q ;5 —5x - 10 Divide each part by —5 ané O
C f t | x -5 -5 - -5 reverse both inequalities. \
-2 -1 0 1
> > — i
Solution set of —3 < 2 — 5x < 12 b= =2 SmpiLy. \Q
Figure C.7 The solution set is [—2, 1], as shown in Figure C.7. s\g\ |

The inequalities in Examples 2 and 3 are linea@ lities—that is, they involve
first-degree polynomials. To solve inequalities in polynomials of higher degree,
use the fact that a polynomial can change signéy at its real zeros (the x-values that
make the polynomial equal to zero). Between consecutive real zeros, a polynomial
must be either entirely positive or entirel ive. This means that when the real zeros
of a polynomial are put in order, they, e real number line into test intervals in
which the polynomial has no sign ﬁes. So, if a polynomial has the factored form

(x—rl)(x—rz)...(x& r1<r2<r3<...<rn

then the test intervals ar

(—OO, r])s (rl’ R ] (rn—p rn)’ and (rns OO)

To determine the Si f the polynomial in each test interval, you need to test only one

value from t%&t'erval.

EXAMPLE 4 Solving a Quadratic Inequality

QS\Itlon

(x=3)(x+2)>0 X<x+6 Write original inequality.

Choose x = —3.

X—-x—-6<0 Write in general form.
x—3)x+2)<0 Factor.
The polynomial x> — x — 6 has x = —2 and x = 3 as its zeros. So, you can solve the

inequality by testing the sign of x> — x — 6 in each of the test intervals (—oo, —2),
(=2,3), and (3,90). To test an interval, choose any number in the interval and
determine the sign of x> — x — 6. After doing this, you will find that the polynomial
is positive for all real numbers in the first and third intervals and negative for all real
numbers in the second interval. The solution of the original inequality is therefore
(=2, 3), as shown in Figure C.8. |
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Absolute Value and Distance

If a is a real number, then the absolute value of a is
lal = {a, az0
—a, a<0

The absolute value of a number cannot be negative. For example, let a = —4. Then,
because —4 < 0, you have

la] = |-4] = —(-4) = 4.
)

Remember that the symbol —a does not necessarily mean that —a is negativa\\

N

NS)
AL REEEEERERREI L Operations with Absolute Value N\

e You are asked Let a and b be real numbers and let n be a positive integer. 656

*
to prove these properties in || \
Exercises 73, 75, 76, and 77. 1. |ab| = |a| |b| 2. AT b#0 Q

3. |a| = V& 4. |a"| = la|" OK
QQ

Properties of Inequalities and ute Value

a

Let a and b be real numbers and le@ a positive real number.

L —la| = a = |d

2. |a] = kifandonly iféﬁ a<k

3. |a| = kif and only —kora = k.

4. Triangle Inequglify,, |a + b| < |a| + |b|

Properties 2 also true when < is replaced by < and = is replaced by >.

Solving an Absolute Value Inequality

o
ution Using the second property of inequalities and absolute value, you can
ewrlte the original inequality as a double inequality.

2 units 2 units
N @ -2 x—3 =2 Write as double inequality.
r L L -I
2) {_ ‘3 ;; JSWX —2+3=x—3+3=<2+3 Add 3 to each part.
1 = X =5 Simplify.
Solution set of |x — Q 1Py
Figure C.9 The solution set is [1, 5], as shown in Figure C.9. o

Q
©C)
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EXAMPLE 6 A Two-Interval Solution Set

Solve |x + 2| > 3.

-6 -5 -4 -3 -2 -1 0 1 2

Solution set of |x + 2| > 3
Figure C.10

x Solution Using the third property of inequalities and absolute value, you can rewrite
the original inequality as two linear inequalities.

x+2< -3 or
x < =5

x+2>3
x> 1

The solution set is the union of the disjoint intervals (—oo, —5) and (L, @ S shown

. in Figure C.10. 0

*
Examples 5 and 6 illustrate the general results shown in C.11. Note that for
d > 0, the solution set for the inequality |x — a| < d is g.8gdle interval, whereas the

d d
S e—
L ' J
a-d a a+d
Solution set of |x — a| < d
d d
ul M I
J ‘ L
a—d a a+d

Solution set of [x — a| = d
Figure C.11

Distance between
a and b

solution set for the inequality |x — a| = d is the uni X o disjoint intervals.
x The distance between two points ¢ and b o@ al number line is given by
d=|a—»b @— al.

*
The directed distance from a to b '\QQa and the directed distance from b to a is
a — b, as shown in Figure C.lZ@

Directed distance
from b to a

Direct: is
fromya to,
x X .
a
a

p > 5 e b !
e J & ™ a—>b
ja~ol S\O
Figure C.12 O\'
Distance on the Real Number Line
Distance =7 istance between —3 and 4 is
a2 0 ! \(\ 4= (=3)=171=7 or |[-3-4|=|-7]=7.
Figure C.13 (b, (See Figure C.13.)
@ b. The directed distance from —3 to 4 is
@V 4 —(-3)=1.
Q c. The directed distance from 4 to —3 is
@' -3 —-4=-7. 5 |

O

Q
©C)

The midpoint of an interval with endpoints @ and b is the average value of a and
b. That is,

a+b
7

Midpoint of interval (a, b) =

To show that this is the midpoint, you need only show that (a + b)/2 is equidistant
from a and b.



C8 Appendix C  Precalculus Review

Rational or Irrational? In Exercises 1-10, determine
whether the real number is rational or irrational.

1. 0.7 2. —3678
3. 37” 4.3/2 -1
5. 43451 .2

7. o4 . 0.8177
9, 43 10. (/2)}

Repeating Decimal In Exercises 11-14, write the repeating
decimal as a ratio of two integers using the following procedure.
If x =0.6363. .., then 100x = 63.6363. . .. Subtracting
the first squation from the second produces 99x = 63 or

X = 99 = 11°
11. 0.36 12. 0.318
13. 0.297 14. 0.9900

15. Using Properties of Inequalities Given a < b,
determine which of the following are true.

@a+2<b+2 (b) 5b < 5a
©5—-—a>5-b (d)l<1

a b
) (a—b)b—a) >0 (f) a® < b?

16. Intervals and Graphs on the Real Number L|ne
Complete the table with the appropriate interval notatio
notation, and graph on the real number line.

Interval Set
Notation Notation
(_ w’ - 4]

(=1.7)

Analyzing an | %ty In Exercises 17-20, verbally
describe the Q of real numbers represented by the
inequality. Sket e subset on the real number line, and state
whether@ val is bounded or unbounded.

17. — x <3 18. x = 4

19. x =5 20. 0 =x <8

Using Inequality and Interval Notation In Exercises
21-24, use inequality and interval notation to describe the set.

21. yis at least 4.

22. g is nonnegative.

23. The interest rate r on loans is expected to be greater than 3%
and no more than 7%.

24. The temperature T is forecast to be above 90°F today.

Solving an Inequality In Exercises 25-44, solve %
inequality and graph the solution on the real number lan

26. 3x+1zzx+z°’\\

28. ()<x+3@
30. x> K\

31 || < 1 32@5>5

x—3
>
33. 2 =5

35. [x—a| <bb>0 gm |x+2|<5
37. |2x+1|<5 ' 38 3x+ 1] =4

39.1—*xQ 40. 19 — 2x| <1

41. x 2. x*—x<0
43.x2+ 1=5 4. 23> +1 <9x—3

25.2x—1=20
27. -4 <2x—-3<4

X X
s i
292 3 5

@nce on the Real Number Line In Exercises 45-48,
the directed distance from a to b, the directed distance

\Jrom b to a, and the distance between a and b.

a=-1 b=3

} * f f f * } X

- -1 0 1 2 3
46. a= ; p=1

P

-3 -2 -1 0 1 2 3 4
47. (a) a = 126,b =175 (b) a = —126,b = —75
48. (a) a =934, b= —565 (b)a="2p="12

Using Absolute Value Notation In Exercises 49-54,
use absolute value notation to define the interval or pair of
intervals on the real number line.

49, a=-2 b=2
—fF——]—+=
-3 -2 -1 0 1 2 3
50. a=-3 b=3
1 PR SR
T ] T T T T T T T X
4 -3 -2 -1 0 1 2 3 4
51. a=0 b=4
L L \ l l l / L I
T T 7 T T T < T T X
2 -1 0 1 2 3 4 5 6
52. a=20 b=24
—— 1 B

18 19 20 21 22 23 24 25 26
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53. (a) All numbers that are at most 10 units from 12

(b) All numbers that are at least 10 units from 12

54. (a) y is at most two units from a. 63.
(b) v is less than § units from c.
Finding the Midpoint In Exercises 55-58, find the 65.

midpoint of the interval.

55. a=-1 b=3
B s
-2 -1 0 1 2 3 4
56. a=-5 b=7% 66.
]+
6 -5 -4 -3 -2 -1 0
57. (a) [7,21]

(b) [8.6, 11.4]
(a) [—6.85,9.35]
(b) [-4.6, —1.3]

58.
59. Profit The revenue R from selling x units of a product is
R = 115.95x

and the cost C of producing x units is

C = 95x + 750.

67.
68.

69.
0

C)@
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Which Number Is Greater? In Exercises 63 and 64,
determine which of the two real numbers is greater.

(a) mor % 64. (a) % or %
(b) = 0r272 (b) gor%
Approximation—Powers of 10 Light travels at the

speed of 2.998 x 108 meters per second. Which best estimates
the distance in meters that light travels in a year?

(a) 9.5 x 10° (b) 9.5 x 10"
3
(c) 9.5 x 10'? (d) 9.6 x 10

Writing The accuracy of an approximation of a number

is related to how many significalts there are in the

approximation. Write a definitieh of significant digits and
illustrate the concept with & "

True or False? In Ex 7-72, determine whether the
statement is true or false. Ifit is false, explain why or give an

example that shows it=i

Ise.

The recipro f a nonzero integer is an integer.

The rgci@g f a nonzero rational number is a rational

numb \

number is either rational or irrational.

EQ{e
etabsolute value of each real number is positive.

71) If x < 0, then /22 = —x.

a > b.

To make a (positive) profit, R must be greater than C. For Whi: & 72. If a and b are any two distinct real numbers, then a < b or

values of x will the product return a profit?

60. Fleet Costs A utility company has a fleet of van$, The
annual operating cost C (in dollars) of each van4 @mted
to be é 73.
C = 0.32m + 2300 74.
where m is measured in miles. The co wants the annual
operating cost of each van to be lesg(thai*$10,000. To do this, 5.
m must be less than what value?

61. Fair Coin To determin %er a coin is fair (has an 76.
equal probability of la iné@s up or heads up), you toss the 77.
coin 100 times and reco e number of heads x. The coin is 78
declared unfair wh@ :

79.

X — 50‘ - 80
5 > L6495, X
For what hs of x will the coin be declared unfair? 81.

62. @’roduction The estimated daily oil production p
at ajrefinery is

lp — 2,250,000 < 125,000

where p is measured in barrels. Determine the high and low
production levels.

82.

Proof 1In Exercises 73-80, prove the property.

|ab| = |a|[]

la —b| = |b — q

[Hint: (a — b) = (—1)(b — a)]

4= %', b#0

la] = Va?

la*| = la|", n=1,2,3,...

~la| = a = |a

|a| < kifandonlyif —k <a <k k> 0.

|a| = kifand onlyifa < —k ora = k, k > 0.

Proof Find an example for which |a — b| > |a| — |b|, and

an example for which |a — b| = |a| — |b|. Then prove that
|a — b| = |a| — |b| for all a, b.

Maximum and Minimum Show that the maximum of
two numbers a and b is given by the formula

max(a, b) = 3(a + b + |a — b|).

Derive a similar formula for min(a, b).
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C.2 The Cartesian Plane

B Understand the Cartesian plane.

8 Use the Distance Formula to find the distance between two points and use the
Midpoint Formula to find the midpoint of a line segment.

8 Find equations of circles and sketch the graphs of circles.

The Cartesian Plane . ()Q
Just as you can represent real numbers by points on a real number line, you can ent
ordered pairs of real numbers by points in a plane called the rectangula dinate

The Cartesian plane is formed by using two real number lines ting at right
angles, as shown in Figure C.14. The horizontal real numbep usually called
the x-axis, and the vertical real number line is usually callg -axis. The point of
intersection of these two axes is the origin. The two axe e the plane into four

system, or the Cartesian plane, after the French mathematician René &C rtes.

parts called quadrants. O
y-axis g y
*
4 °
Quadrant IT Quadrant T \ (24
3
y 2
(—1,2)1
L (@ P) (3,¢0) .
1 —4 -3 2 -1 1 2 3 4
Origin / 1 -1
‘\O 23
1 ’\! G2, )_3
Quadrant I 0; drant IV 4

The Carte: Points represented by ordered pairs

FlgurQ Figure C.15

tin the plane is identified by an ordered pair (x, y) of real numbers x and

Y, %ne coordinates of the point. The number x represents the directed distance
f\ée y-axis to the point, and the number y represents the directed distance from

-axis to the point (see Figure C.14). For the point (x, y), the first coordinate is the
v-coordinate or abscissa, and the second coordinate is the y-coordinate or ordinate.

@ For example, Figure C.15 shows the locations of the points (— 1, 2), (3, 4), (0, 0), (3, 0),

and (—2, —3) in the Cartesian plane. The signs of the coordinates of a point determine

@Q the quadrant in which the point lies. For instance, if x > 0 and y < 0, then the point

(x, y) lies in Quadrant IV.
Q Note that an ordered pair (a, b) is used to denote either a point in the plane or an
@Q open interval on the real number line. This, however, should not be confusing—the
C) nature of the problem should clarify whether a point in the plane or an open interval is
being discussed.
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The Distance and Midpoint Formulas

Recall from the Pythagorean Theorem that, in a right triangle, the hypotenuse ¢ and
sides a and b are related by a® + b? = c2. Conversely, if a? + b? = ¢?, then the
triangle is a right triangle (see Figure C.16).

a ¢ Q
R
,, )
The Pythagorean Theorem: K\Q

a+ b =c?
Figure C.16

(x;, y;) and (x,, y,) in the plane. If the points lj a horizontal line, then y, = y, and
the distance between the points is |x, — x | e points lie on a vertical line, then
x, = x, and the distance between the p01 |y, — y;|. When the two points do not
lie on a horizontal or vertical line, the used to form a right triangle, as shown in
Figure C.17. The length of the Vem% e of the triangle is |y, — y,|, and the length of
the horizontal side is |x, — x1| Pythagorean Theorem, it follows that

y Now, consider the problem of determining tEmece d between the two points

|2 =il

! Replacmg |)c2 &Q d |y, — y,|* by the equivalent expressions (x, — x;)> and

L x
! *2 (v, = »1)? g{c' Distance Formula.
R e —

|, = xy]
The distance between two points DIS$ Formula
Figure C.17 'j@lstance d between the points (x,, y,) and (x,, y,) in the plane is given by
(\Q\ SV ey

@ EXAMPLE 1 Finding the Distance Between Two Points

Find the distance between the points (—2, 1) and (3, 4).

Z
®Q Solution

d= \/(xz — xl)z + (y2 — yl)z Distance Formula

Q ! = \/[3 —(—2)P+ @4 —1) Substitute for x,, y,, x,, and y,.
C)Q) o

© AN
= /34
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Verifying a Right Triangle

Verify that the points (2, 1), (4, 0), and (5, 7) form the vertices of a right triangle.

Solution Figure C.18 shows the triangle formed by the three points. The lengths of

e the three sides are as follows.
GAV
d=J6-22+07-12=J9+36=.45
4 d; dy=Jd-2P+0-1P=/4+1=5 Q
ds dy=J5—42+ (7T -02=J1+49= /50 ’O
2+ Because 0’\\
2, 1) 1 @0 | ) d? +d}=45+5=150 Sum of squares of sides.\g
: % e and A
gD
Verifying a right triangle di =50 Square of h \
Figure C.18 you can apply the Pythagorean Theorem to conclude that mt gle is a right triangle.
EXAMPLE 3 Using the Distance Fo lQ
Y Each point of the @
form (x, 3) lies on Find x such that the distance between (x, 3) a 1) is 5.
T this horizontal line.
(‘1"3) 3 Solution Using the Distance FormulaQ n write the following.
Distance Formula

5= J(x—2)2+[3—(—%2)0

25=(2 —dx +4) + 16

0=x*—4x—35 Write in general form.
k=)

Square each side.

Figure C.19

N
6 0=x—5x+1) O Factor.

So,x=5o0rx=— 1@ ou can conclude that there are two solutions. That is, each
of the points (5 (—1, 3) lies five units from the point (2, —1), as shown in
Figure C.19. |

The coordindtes of the midpoint of the line segment joining two points can be
found ?&/eraging” the x-coordinates of the two points and “averaging’ the y-coordinates
of t o points. That is, the midpoint of the line segment joining the points (x,, y,)
afd’e;, ,) in the plane is

9.3) V

X, +x +
(# u) Midpoint Formula

2 72

For instance, the midpoint of the line segment joining the points (—5, —3) and (9, 3) is

-54+9 -3+3

as shown in Figure C.20.
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Definition of a circle
Figure C.21
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Equations of Circles

A circle can be defined as the set of all points in a plane that are equidistant from a
fixed point. The fixed point is the center of the circle, and the distance between the
center and a point on the circle is the radius (see Figure C.21).

You can use the Distance Formula to write an equation for the circle with center
(h, k) and radius r. Let (x, y) be any point on the circle. Then the distance between (x, y)
and the center (A, k) is given by

x—h?*+(—k2=r

By squaring each side of this equation, you obtain the standard forr& equatlon

of a circle.
Standard Form of the Equation of a Circle
The point (x, y) lies on the circle of radius r and k@ k) if and only if

x—h?>+(y—k?2=r
0\

The standard form of the equation of a mr@ltb center at the origin, (4, k) = (0, 0), is

x>+ =r
If r = 1, then the circle is called@nt circle.
SN Writing the Equation of a Circle

The point (3, 4) & circle whose center is at (—1, 2), as shown in Figure C.22.
Write the stan@i m of the equation of this circle.

Solutio @
3 +@-27=J16+4= 20
%Wnte the standard form of the equation of this circle as
{\[x— “DP + (- 22 = <m)2

adius of the circle is the distance between (— 1, 2) and (3, 4).

Figure C.22 KQ x+12+(y—27= Write in standard form. d

%)
&q
Q)(\
CS
©

By squaring and simplifying, the equation (x — h)?> + (y — k)> = r> can be
written in the following general form of the equation of a circle.

A?+ A +Dx+Ey+F=0, A#0

To convert such an equation to the standard form
(c—h?+(—-k>=p

you can use a process called completing the square. If p > 0, then the graph of the
equation is a circle. If p = 0, then the graph is the single point (&, k). If p < 0, then
the equation has no graph.
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Completing the Square

Sketch the graph of the circle whose general equation is
4x? + 4y + 20x — 16y + 37 = 0.

Solution To complete the square, first divide by 4 so that the coefficients of x> and
y? are both 1.

y 4x + 4y2 4+ 20x — 16y + 37 =0 Write original equation,o
37
x2+y2+5x—4y+7=0 Divide by 4. ;\'O
377
37
+5x+ )+ (2 —4y+ )=—4 Group&?@
277

Cor &t e square b
25 37 25 *\, quare by
2 = 2 _ - - p p B)2 _ 25
A (x +5x+4>+(y 4y + 4) Tt 0@42)7;@;1
/ ol = to each side.
1 1 1 1 x (half)? (half)? K
1 : Write in standard form.

A circle with a radius of 1 and center Note that you complete the square by adding @ e of half the coefficient of x and
at (—% 2) the square of half the coefficient of y to eac ¢*of the equation. The circle is centered
Figure C.23 at (—%, 2) and its radius is 1, as shown i ure C.23. 5|

(x+%)2+(y—2)2:1

(x-i—%)z oy - 2P

You have now reviewed so eCnAamental concepts of analytic geometry. Because
these concepts are in com se today, it is easy to overlook their revolutionary
nature. At the time analy&% metry was being developed by Pierre de Fermat and
René Descartes, the tv\m jor branches of mathematics—geometry and algebra—
were largely indepenfenit of each other. Circles belonged to geometry, and equations
belonged to algelra e coordination of the points on a circle and the solutions of an
equation belongs to>what is now called analytic geometry.

Itisi t to become skilled in analytic geometry so that you can move
easily b eh Zeometry and algebra. For instance, in Example 4, you were given a
geo % escription of a circle and were asked to find an algebraic equation for the
ci , you were moving from geometry to algebra. Similarly, in Example 5, you

given an algebraic equation and asked to sketch a geometric picture. In this case,
were moving from algebra to geometry. These two examples illustrate the two most
Vcommon problems in analytic geometry.

Q@ 1. Given a graph, find its equation.

C)QQ 2. Given an equation, find its graph.

@ Algebra =>  Geometry

Geometry /> Algebra
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see CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

Using the Distance and Midpoint Formulas In
Exercises 1-6, (a) plot the points, (b) find the distance between
the points, and (c) find the midpoint of the line segment
joining the points.

L (2.1),(4,5) 2. (-3,2),(3,-2)
3. (5 1). (=3 -3) 4. (5 -3.G 1)
5 (1, V3). (-1, 1) 6. (—2.0),(0, /2)

Locating a Point In Exercises 7-10, determine the
quadrant(s) in which (x, y) is located so that the condition(s) is
(are) satisfied.

7. x=—2andy > 0

8. y< =2

9. xy >0

10. (x, —y) is in Quadrant II.

Vertices of a Polygon In Exercises 11-14, show that

the points are the vertices of the polygon. (A rhombus is a
quadrilateral whose sides are all the same length.)

Vertices
11. (4,0),(2,1),(—1,—5)
12. (1, —3),(3,2), (=2, 4)

Isosceles triangle
13. (0,0), (1,2), (2, 1), 3,3) Rhombus X
14. (0,1),(3,7),(4,4),(1, =2)

. (0,1),(3,7),(4,4), (1, Parallelogram SO
15. Number of Stores The table shows nimber y of
Target stores for each year x from 2006 2015. Select
reasonable scales on the coordinate dxgs\anid plot the points

(x,y). (Source: Target Corp.) (Q

Polygon
Right triangle

5
Year, x 2006 | 20 < 008 | 2009 | 2010
Number, y | 1488 ‘\lﬁ 1682 | 1740 | 1750
v
Q
Year, x 2012 | 2013 | 2014 | 2015
I

o
Numbe (40763 1778 | 1917 | 1790 | 1792

gular coordinate system. Then change the sign of the

rdinate of each point and plot the three new points in

he same rectangular coordinate system. What conjecture can

you make about the location of a point when the sign of the

x-coordinate is changed? Repeat the exercise for the case in
which the signs of the y-coordinates are changed.

N4
16. Co 'Qre Plot the points (2, 1), (=3, 5), and (7, —3) in
P
0

Collinear Points? In Exercises 17-20, use the Distance
Formula to determine whether the points lie on the same line.

17. (0, —4),(2,0), (3,2)
18. (0,4), (7, —6), (=5, 11)

O

19. (=2,1),(=1,0),(2, —2)
20. (—1,1),(3,3),(5,5)

Using the Distance Formula In Exercises 21 and 22, find
x such that the distance between the points is 5.

21. (0,0), (x, —4) 22. (2, 1), @Q

Using the Distance Formula InExekgises 23 and 24, find
@:’ is 8

y such that the distance between the is 8.
23. (0,0), (3,y) 1),(5,y)

25. Using the Midp rmula Use the Midpoint
Formula to find the thréeoints that divide the line segment
joining (x,, y,) an y,) into four equal parts.

26. Using the oint Formula Use the result of
Exercise 25nd the points that divide the line segment
Jommg t points into four equal parts.

(a)*)(zt—l) ®) (=2, -3),(0,0)

g In Exercises 27-30, match the equation with its
graph. [The graphs are labeled (a), (b), (c), and (d).]

@@ (b) "

24

=

(@)

27. > +y* =1
28 (x— 12+ (y—3)2=4
29. (x —1)2+3y2=0

b=

Writing the Equation of a Circle In Exercises 31-38,
write the standard form of the equation of the circle.

30. (x + %)2 +

31. Center: (0, 0) 32. Center: (0, 0)

Radius: 3 Radius: 5
33. Center: (2, —1) 34. Center: (—4,3)
Radius: 4 Radius: %
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35. Center: (—1,2)
Point on circle: (0, 0)
36. Center: (3, —2)
Point on circle: (—1, 1)
37. Endpoints of a diameter: (2, 5), (4, —1)
38. Endpoints of a diameter: (1, 1), (=1, —1)

39. Satellite Communication Write the standard form of
the equation for the path of a communications satellite in a
circular orbit 22,000 miles above Earth. (Assume that the
radius of Earth is 4000 miles.)

40. Building Design A circular air duct of diameter D is
fit firmly into the right-angle corner where a basement wall
meets the floor (see figure). Find the diameter of the largest
water pipe that can be run in the right-angle corner behind the
air duct.

Blis}

Writing the Equation of a Circle In Exercises 41-48,
write the standard form of the equation of the circle and sketch
its graph.

1. > +y>—2x+6y+6=0
2. 2+y—-2x+6y—15=0
43. > +y 2 —2x+ 6y +10=0
44. 3> +3y> -6y —1=0

45. 22> + 2> = 2x — 2y — 3 =0

46. 42+ 4y —4x+ 2y — 1 =0 KQ
47. 1632 + 16y2 + 16x + 40y — 7 = 0 (b

48. > +y>? —4dx +2y+3=0 @

O

A Graphing a Circle In Exer
utility to graph the equatio! a square setting. (Hint: 1t
may be necessary to soly, uation for y and graph the

resulting two equatlon
49. 4x> + 4y* — —63=0

50. x% + y? y—ll—O

49 and 50, use a graphing

Sketc Graph of an Inequality In Exercises 51 and
52, sketchthe set of all points satisfying the inequality. Use a
graphing utility to verify your result.

51. 2+ —4x+2y+1<0

52. (x— 12+ (y—1>1

53. Proof Prove that
(2x1 +x, 2y, + )’2)
3 ’ 3

is one of the points of trisection of the line segment joining
(x, y,) and (x, y,). Find the midpoint of the line segment

joining
(le +x, 2y, + )’2)
3 7 3

and (x,, ,) to find the second point of trisection.

’\()Q
54. Finding Points of Trisection Use th Its of

Exercise 53 to find the points of trisection of e segment

joining each pair of points. \$\
@ (1,-2),4,1) *
9

(b) (=2,-3),(0,0)

True or False? In Exercise &—58, determine whether the
statement is true or false. If alse, explain why or give an

example that shows it is q
55. If ab < O, then (a, b) lies in either Quadrant II or

Quadrant IV. ﬁ
56. The dlstan en the points (@ + b, a) and (a — b, a) is

57. If t@anee between two points is zero, then the two points
ust coincide.

s@ ab = 0, then the point (a, b) lies on the x-axis or on the

y-axis.

?O Proof In Exercises 59-62, prove the statement.

9. The line segments joining the midpoints of the opposite sides
of a quadrilateral bisect each other.

60. The perpendicular bisector of a chord of a circle passes through
the center of the circle.

61. An angle inscribed in a semicircle is a right angle.
62. The midpoint of the line segment joining the points (x,, y,)
and (x,, y,) is
(xl Tt )’2>
2 72 ’





